In this work, we study the radiative generation of the CPT-odd Lorentz-violating Chern-Simons term, arising from massless fermions. For this, we calculate the vacuum polarization tensor using the 't HooftVeltman regularization scheme, in which the result obtained for the coefficient of the Chern-Simons term is
the temperature dependence of (k AF ) µ , in which at high temperature, (k AF ) 0 → 0 and (k AF ) i → − e 2 4π 2 b i . In the context of Weyl semimetals, these results are in accordance with the fact that the chiral magnetic current j α = (k AF ) 0 ǫ 0αλρ ∂ λ A ρ vanishes at high temperature, whereas the anomalous Hall current j α = (k AF ) i ǫ iαλρ ∂ λ A ρ remains unaffected by the finite temperature.
I. INTRODUCTION
Studies of CPT and Lorentz violation in the standard model [1, 2] have been extensively considered in the literature in the last years [3] . The effective field theory used for these investigations is the standard-model extension, where the corresponding CPT-odd Lorentz-violating quantum electrodynamics [4] is given by the Lagrangian
where F µν = ∂ µ A ν − ∂ ν A µ and D µ = ∂ µ + ieA µ . We have omitted the CPT-odd terms that are governed by the coefficients e µ , f µ , and a µ , which can be removed from the Lagrangian by using an appropriate redefinition of the spinor [5] , as well as the CPT-even terms contracted with the coefficients (k F ) µνλρ , c µν , d µν , and H µν .
It is worth mentioning that the termψ / bγ 5 ψ, the last term of Eq. (1), is the one responsible for the radiative generation of the Chen-Simons term [6] , the second term of Eq. (1), so that (k AF ) µ ∝ b µ .
In this way, we can write (k AF ) µ = C b µ , where C is a proportionality constant to be determined.
Thus, these terms must have identical C, P, and T transformation properties, as listed in Table 1 .
Note that the term governed by the coefficient g λρµ , the fourth term of Eq. (1), has also the same discrete transformations. In fact, this term generates a higher-derivative Chern-Simons term in
For more details, see Ref. [7] . The aim of the present work is to investigate the radiative generation of the CPT-odd Lorentzviolating Chern-Simons term arising from massless fermions. This study was already addressed in the literature [8, 9] , where it has been argued in [9] that the result
16π 2 is finite and determined, at least in three types of regularization schemes: cutoff, dimensional, and temperature regularization. However, recently, a new result has been found, namely, C 2 = − e 2 4π 2 , which was calculated by using the path integral method (Fujikawa's method) [10] and the Kubo formula [11] , in the context of condensed-matter physics. It is worth commenting the following question raised in Ref. [11] : why do the available calculations of the polarization tensor [6, 8, 9] fail to obtain the correct coefficient C 2 ? We will see that when we use the 't Hooft-Veltman (dimensional) regularization scheme [12] , the result C 2 is readily obtained.
The motivation for these recent works [10, 11] stems from the fact that certain materials known as Weyl semimetals [13] are perfectly described by the Lorentz-violating fermionic Hamiltonian [14] 
i.e. by the Lorentz-violating fermionic Lagrangian
and consequently by the radiatively induced Lorentz-violating Chern-Simons Lagrangian. For example, the conductivity found in the Weyl semimetal proposed in [13] , which is based on a periodic array of alternating layers of topological insulators [19] and ordinary insulators, is the same we can obtain from the Chern-Simons action, with the result C 2 (see also discussions in [16] ).
In order to observe this, we first calculate the current density,
in which, for a pure spacelike coefficient b µ = (0, 0, 0, b z ), we can write j 1 = e 2 2π 2 b 3 ǫ 3102 E 2 (i.e., j x = σ xy E y ), so that, finally for the conductivity, we have
Note that with C 1 the resulting conductivity is four times smaller than the expected answer (5), as pointed out in Ref. [11] .
The structure of the paper is as follows. In the next section, we calculate the vacuum polarization tensor, and consequently the generation of the Chern-Simons term, by using the 't Hooft-Veltman regularization scheme. For this, we will take into account nonperturbative approach in the coefficient b µ . In the third section, we discuss the temperature dependence of the coefficient (k AF ) µ .
We will see that, with (k AF ) µ = C b µ , at high temperature, (k AF ) 0 → 0 and (k AF ) i → − e 2 4π 2 b i , i.e. the parity symmetry is restored. In the context of Weyl semimetals, this confirms the fact that the chiral magnetic current j α = (k AF ) 0 ǫ 0αλρ ∂ λ A ρ vanishes at high temperature [16] , whereas the anomalous Hall current j α = (k AF ) i ǫ iαλρ ∂ λ A ρ remains unaffected by the temperature [11] .
II. INDUCED CHERN-SIMONS TERM
In this section we are interested in studying the generation of the Lorentz-violating ChernSimons term arising from massless fermions. For this, let us consider the fermionic Lagrangian (3), with the introduction of the electromagnetic field A µ (by performing the replacement
Thus, the corresponding generating functional is
so that, by integrating over the fermions, we obtain the one-loop effective action
Here, Tr stands for the trace over the Dirac matrices, as well as the trace over the integration in momentum and coordinate spaces.
In order to single out the quadratic terms in A µ of the effective action, we initially rewrite the expression (8) as
where
Then, after evaluating the trace over the coordinate space, by using the commutation relation
and the completeness relation of the momentum space, for the quadratic action S
eff , we have
with
being the Feynman propagator. Note that the derivative contained in Π µν acts only on the first gauge field A µ , in Eq. (11).
Our next step is to calculate the vacuum polarization tensor (12), using the 't Hooft-Veltman regularization scheme. For this, we first extend the 4-dimensional spacetime to a D-dimensional
where µ is an arbitrary parameter that identifies the mass scale. In the following, given the anticommutation relation {γ µ ,γ ν } = 2ḡ µν , with the contractionḡ µνḡ µν = D, we split the D-dimensional Dirac matricesγ µ and the D-dimensional metric tensorḡ µν into 4-dimensional parts and (D − 4)-dimensional parts, i.e.,γ µ = γ µ +γ µ and g µν = g µν +ĝ µν , such that now the Dirac matrices satisfy the anticommutation relations
and consequently the metric tensors have the contractions g µν g µν = 4,ĝ µνĝ µν = D − 4, and g µνĝ µν = 0. Indeed, the most significant change found in this regularization is the introduction of the commutation relation
and the maintenance of the anticommutation relation
For further information about this issue, see Sec. IV of Ref. [17] .
Taking into account the above considerations, let us rationalize the propagator (13), as follows:
where we have promoted / p to a quantity in D dimensions, / p →/ p =p µγ µ , whereas / b is maintained in 4 dimensions. In fact, all quantities of the external particles, such as / A and / ∂, are maintained in 4 dimensions. Thus, the evaluation of Eq. (15), by using the anticommutation and commutation relations (14) as well as the separationp µ = p µ +p µ (withp µ γ µ = 0 = p µγ µ ), takes the form
Note that we can rewrite the above expression as
where we have consider p · b =p · b and p 2 =p 2 −p 2 (i.e.,p · b = 0 =p · p). However, it is more convenient to consider the expansion of the Eq. (17) in terms of 4p 2 b 2 , so that we write
It is not difficult to see that the second and other higher order terms of the propagator (18), by power counting, contribute with finite terms to the polarization tensor (12) . Therefore, they will be vanish when it happens the contractionḡ µνĝ µν = D − 4, in the limit of D → 4.
Thus, by considering i∂ → k, Eq. (12) 
In order to perform the above integrations, we first combine the denominators by employing the 
Let us focus on the odd part of Eq. 
and
where we have considered a Hermitian γ 5 , so that tr γ κ γ λ γ µ γ ν = 4iǫ κλµν . Now, after we integrate over the momentump, expand the result around D = 4, and consider
Finally, when the integrals over the Feynman parameters are evaluated, we have
In the following, let us take into account the contributions Π µν 12 and Π µν 21 . Note that, given the expression
we can easily observe that Π νµ 21 (k) = Π νµ 12 (−k). Therefore, we simply calculate, e.g., Π µν 12 , which can be rewritten as
where we have considered/ q 1 =/ p (i.e.,/ t 1 = 0). Thus, its odd part, after the calculation of the trace, takes the form
Now, when the integration over the momentump is calculated and then the expansion around
where ǫ = 4 − D and µ ′2 = 4πµ 2 e −γ−iπ . Finally, by considering the contractionḡ αβĝ αβ = D − 4 (i.e.,ḡ αβĝ αβ = −ǫ) and calculating the Feynman parameter integrals, from the first term of (33), we obtain
in the limit of D → 4. Note that the other terms vanish in this limit.
Let us now consider the last contribution Π µν 22 , which, by employing the Feynman parameters, is written as
After the calculation of the trace, only its odd part survives, which is given by
so that, in the following, after the calculation of the momentum integral, Π µν 22|odd → Π µν 22|CS , where
Note that, asḡ αβĝαβ = D − 4, in the limit of D → 4, trivially we have
This is also what happens with the contributions coming from the second and other higher order terms of the propagator (18), as discussed above.
Therefore, the final result is given by
in which, by considering S
ef f → S CS in Eq. (11), the Chern-Simons action becomes
4π 2 b µ . Thus, as we have anticipated, the result C 2 = − e 2 4π 2 is readily obtained when we use the 't Hooft-Veltman regularization, in particular, when we take into account the new definitions of the anticommutation and commutation relations (14) of the Dirac matrices.
III. FINITE TEMPERATURE EFFECT
Our aim now is to discuss the finite-temperature effects on the coefficient C, as a natural extension of the present work. In order to implement this study, we first change the Minkowski space to Euclidean space (through the Wick rotation) and separate the space and time components of the momentump. This can be done by performing the following procedure: p 0 → ip 0 (or
, and so on, as well as The next step, due to the symmetry of the p integral under spatial rotations, is to consider the following substitutions:
With these decompositions, we obtain covariant and noncovariant contributions to the polarization tensor (12) . Obviously, the noncovariant contributions vanish, when the p and p 0 integrals are performed. However, when we assume that the system is in thermal equilibrium with a temperature T = β −1 , the noncovariant contributions can eventually be nonzero. Indeed, in our case, only the noncovariant contributions will have an explicit dependence on temperature. Our main goal here is to study the behavior of the coefficient C in the limit of high temperature, T → ∞.
For this purpose, let us use the Matsubara formalism, which consist in taking p 0 = (n+1/2)2π/β and changing 1/(2π) dp 0 → 1/β , where the summation is carried out by using the following expression [18] :
The above solution is valid only for λ < 1, aside from the poles at λ = 1/2, −1/2, −3/2, · · · .
Nevertheless, this restriction can be circumvented when we use the following recurrence relation
once, twice, and so on, until λ is placed in the range of validity. 
In the above expressions we have performed the p integral. If we return to the p 0 integral, 1/β → 1/(2π) dp 0 , after the calculation we obtainĨ 1 = 0 =Ĩ 2 , as expected. 
where ξ = βM/2π.
With regard to the other contributions, Π 
Thus, in the limit of high temperature, ξ → 0, after the evaluation of the integrals,
Therefore, at high temperature, (k AF ) 0 → 0 and (k AF ) i → − e 2 4π 2 b i , meaning that the parity symmetry is restored in this regime. In the context of Weyl semimetals, these results are in accordance with the fact that the chiral magnetic current j α = (k AF ) 0 ǫ 0αλρ ∂ λ A ρ vanishes at high temperature [16] , whereas the anomalous Hall current j α = (k AF ) i ǫ iαλρ ∂ λ A ρ remains unaffected by the finite temperature [11] .
IV. SUMMARY
In this work, we have studied the radiative generation of the CPT-odd Chern-Simons term, the second term of Eq. (1), arising from massless fermions (see Lagrangian (6) and discussion below).
We have calculated the vacuum polarization tensor (12) using 't Hooft-Veltman regularization scheme, in which we have obtained the result C 2 = − e 2 4π 2 for the coefficient of the Chern-Simons term (see Eqs. (39)). This result leads us precisely to the same conductivity (5) found in Weyl semimetals, i.e., the 't Hooft-Veltman regularization scheme is the correct one to be used in this context. As a natural extension of the present work, we have also calculated the polarization tensor (12) at finite temperature, in which at high temperature, (k AF ) 0 → 0 and (k AF ) i → − e 2 4π 2 b i . In the context of Weyl semimetals, this indicates that the chiral magnetic current j = (k AF ) 0 B vanishes at high temperature, whereas the anomalous Hall current j = ( k AF ) × E remains unaffected by the temperature.
